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Section 1.2 - Combining and Transforming Functions

Combining Functions

Another way to combine functions is by composition.

Definition

Given two functions f and g, the composition of f and g is defined by

h(x) = f (g(x)).

Essentially, this is just putting the output of g in as an input of f .

Example

Let f (x) = x2 + 1 and g(t) = 4t − 2. Let h(t) = f (g(t)) and k(x) = g(f (x)).
1 Compute h(3), then find a formula for h(t).
2 Compute k(3), then find a formula for k(x).
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Section 1.2 - Combining and Transforming Functions

Decomposing Functions

It is often useful to be able to recognize a function as the composition of two functions as
it will allow us to use certain techniques in calculus.

Example

Find functions f and g such that h(x) = f (g(x)).
1 h(x) =

√
x3 − 1

2 h(x) =
1

x2 − 5
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Section 1.2 - Combining and Transforming Functions

Transforming Functions

There are three ways we can transform a function:

1 translations (or shifts) of the function
2 stretch/compress the function
3 reflecting the function
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Section 1.2 - Combining and Transforming Functions

Shifting Functions

There are two ways to shift a function: vertically or horizontally.

Suppose c is a positive
number, then we have the following transformations of the graph of y = f (x):

1 y = f (x) + c translates the graph c units upward
2 y = f (x)− c translates the graph c units downward
3 y = f (x − c) translates the graph c units to the right
4 y = f (x + c) translates the graph c units to the left
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Section 1.2 - Combining and Transforming Functions

Stretching Functions

There are also two ways to stretch a function: vertically or horizontally.

Suppose c is a
positive number, then we have the following transformations of the graph of y = f (x):

1 y = cf (x) stretches the graph vertically by a factor of c
2 y = 1

c f (x) compresses the graph vertically by a factor of c
3 y = f (cx) stretches the graph horizontally by a factor of c
4 y = f (1

c x) compresses the graph horizontally by a factor of c
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Section 1.2 - Combining and Transforming Functions

Reflecting Functions

There are two ways to reflecting a function that we’ll discuss: about the x-axis and about
the y -axis.

1 y = −f (x) reflects the graph of y = f (x) about the x-axis
2 y = f (−x) reflects the graph of y = f (x) about the y -axis
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Section 1.2 - Combining and Transforming Functions

Graphing Transformations

Example

Sketch a graph of f (x) = x2. Then graph the following transformations of f (x).
1 y = 2f (x)

2 y = f (x)− 3

3 y =
1
4

f (x) + 2
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Section 1.3 - Linear Models and Rates of Change

Reminder: Slope of a Line

The slope of a line is a measure of its “steepness.” Positive indicating upward, negative
indicating downward, and the greater the absolute value, the steeper the line.

Intuitively,

slope =
rise
run

=
change in y
change in x

.

More concretely, if a line passes though the points (x1, y1) and (x2, y2), then the slope of
the line is given by

m =
y2 − y1

x2 − x1
=

∆y
∆x

.

Given the slope of a line, m, and a point it passes though (x1, y1), an equation for the line
is

y − y1 = m(x − x1).
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Section 1.3 - Linear Models and Rates of Change

Example

Example

Find the equation of a line passing though the given pair of points
1 (3,7) and (5,10)

2 (2,−3) and (−3,−5)
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Section 1.3 - Linear Models and Rates of Change

Rate of Change

A very important interpretation of slope is as a “rate of change.” For example, a slope of 3
would mean that making a change in input would cause a change in output that is 3 times
larger.

A feature of lines is that they have constant, non-changing slopes, so functions
whose graphs are lines (called linear functions) grow at a constant rate, or have a
constant rate of change. When writing a linear function, we will write it in slope-intercept
form

f (x) = mx + b

where b is the y -intercept of the function.

Example

The weekly ratings, in millions of viewers, of a recent television program are given by
L(w), where w is the number of weeks since the show premiered. If L is a linear function
where L(8) = 5.32 and L(12) = 8.36, compute the slope of L and explain what it
represents in this context. Write a formula for L(w).
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Section 1.3 - Linear Models and Rates of Change

Now You Try It!

Example

The monthly cost of driving a car depends on the number of miles driven. Lynn found that
in May is cost her $380 to drive 480 miles and in June it cost her $460 to drive 800 miles.

1 Express the monthly cost C as a function of the distance driven d, assuming that
there is a linear relationship.

2 Use part 1 to predict the cost of driving 1500 miles per month.
3 What does the slope represent?
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